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The recommnendations contained in this report are
applicable to continuous structures such as‘industriél frames,
tier buildings, and similar military structures, Consideration

of trusses has been excluded,

Fe.ch of the problems or factors that could be antici-
pated vp Su the present time has been déscribed; the status of
scln’ion hey heen given, and a "Rule of Practice" has been
Fugged sed,  daly about half of fhe rules are tentative or
Y Undew Considération", and in many of these, conservative pro-

vigions are indicated,

£7 Shough the following listing is not a review of all
s avtieles, a scanning of the report indicates that the "Rule=:
~ormit gignificant application of plastic analysis in structursl
aszsign, In other words, the provisions of the rules do not

constitute undue limitations,

1, Ivpoes_of Construction cover a range that is sufficient
to assure extensive application, This is particularly
true in the case of industrial frames and continuous

beanms.,

2, Methods of Analysis and Design Procedures offer distinect

T e e - A 1 R e e

advantages over conventional methods,

3. Loading mav be considered as proportional (or "static")

go fraquenlly, that the majoerity of cases will ha coverv™s
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The tentative Load Fector of Safety represents a
value that allows the realization of the economy

being sought,

The provisions concerning Qggggggiggg present no mnore
of a restriction to plastic design than they do to

conventional procedures,

Connegtions are suitable for a large range of shapes,

and numerous economic tynes meet the reguirements,

Although the formula for centrally-loaded Columns

offers but modest economy, the fact that axial load

may be entirely neglected for a conslderable number

of Beam-Columns is of real advantage, Specific re-
commendations for beam-columns supporting large axial
loads are not included, but it is likely that any
procedure proposed will not be complex and will offer

economies over present methods,

The ruleg for the ratios of cowmpression details to

prevent Loecal Buckling allow the use of most of the

available WF shapes without extra stiffening,

Rolled WF and I-shapes develop suitable hinge moments,

and modification due to the presence of Shear would

e 1

only be required in unusual cases,

The provisions for Lateral Bracing present no serious

difficulty insofar as size of member is concerned.

There is a real problem in specifying the spacing of la-

teral supports to beams, Tentative solutions are now

being studied.
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Except for the uncertainty of brscing provisions; none
of the rules prevent direct application of plastic deéign to
structural problems, Some of the additional research is desir-
able to broaden, even further, the applicability of the plastic
methods, and some WOuld be just as useful to conventional as to
nlastic design, It is considered that immediate application to
the design of certain rigid structures such as continuous beams
and industrial frames is appropriate, Indeed, it is already

under way,

This report has been prepared as a result of research
belng carried out at Lehigh University in the Fritz Engineering
Labvoratory, Prof, Wm, J, Eney is Director of the Laboratory .
and Head of the Department of Civil Engineering and Mechanics,

The project is being supervised by the Lehigh Project Subcommittec

of the Structural Steel Committeé, Welding Research Council,

The writers wish‘tb express thelr sincere appreclation
to T.R., Higgins, Jonathan Jones, Bruno Thurlimann; and Robert
L, Ketter for vaiuable suggestions concerning the report, The
assistance furnished by members of the Fritz Laboratory staff

in the preparation of this manuscript is gratéfully acknowledged,
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16, HOUENCIATURE A

¥
T e e
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Nm .‘:.E E',.'. il

e e
e e e

Area of c¢ross-section |
Flange width

Depﬁh of sebtion

Young'!s modulus of elasticilty
Strain-hardening modulus |
Tangent-modulus

Load factor of safety

A
Shave factor = fﬁ.: E
My S

Modulus of elasticity in shear

Moment of inertia

Effective (pin-end) length of column, X=Iuler length factor
Span length, Actual column length, |
loment

Full’plastic inoment

Plastic hinge moment modified to include the effect of
axial compression

Moment at which yield point is 1eached in flexure

Mowent at vhich initial outer fitre yiéld occurs when axial
thrust i3 present

Gcacentrated load

Distributed load per unit of lengin

Useful column load, A load used as the "maximum column load™
Fuli load (working load x load factor of safety)

Full plastic load on a etructure computed by simple
plastic theory

Stabilizing ("shakedown") load

Axial load corresponding to yield stress level ( U&A)
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st
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T

Rotation capacity
Radius of gyration
Section modulus
Flange thickness
Shear force

Web thickness

Plastic modulus

Deflection

Strain

Strain at strain-hardening
Measured anglevchange; rotation
Toissonts ratilo

Surmel stress

ileld stress level

Shear streas

Rotaticen per unit length, or average unit rotation:

crmat i
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APPENDIX 1
PLASTIC ANALYSIS

1. RESERVE_IN STRENGTH DUE TQ FORMATION. OF PIASTIC HINGES

3t S A

The fixed-ended uniformly-loaded beam of Figure 20
17ill be used to illustrate how pleas‘ﬁi‘c h‘iinjg‘es‘ allow a struc=

sure to deform under load :
s Pl

beyond the elastic limit, Z_N.”:/“-E
permit a redistribution of /i e |
moment and, thereby, an in- 1F1_g~:zo*i
crease in load capacity, S
s .*17\;'"\@6/
By an elastic analysis, TR =
the deflection curve of -
Figrae 4 and the mbment_ diagram ;E~§f-g~?~-2-l—J
of Tigure22 could be determined | T
waon yielding first commences, //k [ﬂ @.) % \\@
This is indicated in the il NN
. ; W SN
filzrres as p}fase 1, The center J{ W )
monent fo _{;;,_ and the end moment ,;‘:// A\ I |
e 4% Fig. 22l
Since the moment at e e N
the ends i3 =t the yield pointi, 5 f_/MiC'm ...
Thinge ac*tion will start at y -4-‘/ S
i wy
this »oint when the beam is de= / t
formed with uore load, The //

| Ta 1in: : s T - -
plastic hinge is described Curvature §

ciagramatically by the curve

of Figure 25 in which moment, IFig, 23
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M is plotted against the (a) (%)
curvature, @. (Although the | :

!
G
actual M-f curve is similar to ! wl @
_ oS
OACD, the flexural anelynis is v‘I%ﬂntsA,c ’ gg\ Foint B
simplified by considering it I
\Fig.24!
“0 be OBD--and the resulting - R
P, @@
~rror is small), Thus, if P ®
- Fig.24(a) is used to represent Py ;@
the M- action at Points A and ///
C of the beam, while Fig.24 (b) e 28EL -
is used for Point B, the Fig.25)

corresponding moments for Phase 1 are shown at M = Mb and M = % Mp,

respectively,

As load increases, the heam now behaves as if it were.
g¢imply-supported, except that the end moment remains constant at
MQ, The center of the beam still has avallable moment capacity;
a;d thus an intermediate Phase might be as shown by "2", As
shovn in Fig.25, the deflectlon increases at somewhat faster
ratz (the Yravae", in fact, is the sauws us that of a simply-

supperbed beam of length L),

£5.. Phase 3 the beam wiil hava reached ite maximum
load, since thc moment capacily at the beam center is exhausted
(FPige 22, 2%b), Definite "kinks" will nav: formed at the ends
(Pig,21) ne %o rotatioun at constant\momert. Peyond this,
Phase #, *he besx defovns 23 2 mechanday under eonstant load
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The increase of load between initial yield and the
maximum plastic strength (full load) is represented by the shaded
portion of Fig. 22. The yleld load 1s given by

Pyl o= 3 M
8 2 7

The full load is gilven by the moment diagram of Fig, g22at full

plastic load as,

PrL
Ao =2 M
8 b

vor Mp = 1,14, then the ratio between the full load and the

yield load is

Pe = 2M§ =% 3 1.4 =1 52
Py 377Wy 3

Tha* is, the ratio of the lozad capacity of the beam to the load

at nitial yield is about 50%,
Two methods of plastic analysis will now be described,

-----

Tare are three conditione thotv must be satisfied 1in

a1

any plascic analysis:

1, mvery part of the structure most Lo In =2quilibrium,

N

2 A wmochanism rust be formed in the nznse that a

small motior oncurs without ineresze in load,

3. At no point may the moment re sreater than the

plastic momenv, Mb.
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For a relatively simple structure like that shown in Fig.BO;
the correct solution may be arrived at very quickly. To form a
mechanism there must be three plastic hinges and these must be
at the-“maximum” points A, B, and C. Their value is M . To be

in equilibrium E%E = 2 My, and the meximum load has been

determined,

The method, in general, consists of constructing the
moment diagram disregarding the‘redundants, followed by the
construction of redundant moment diagrams in such a way as to
~1low hinges to form, In more involved structures it is
necessary to guess where these hinges will be located and to
meke several trials, Since the method has been described come
pletely in Ref. 8, and since numerous examples have been given

thers, further discussion here is unnecessary.

7, JRLUAL DISPTACEMENT METHOD

Sinc? the method has been completely described in
numerous vefersnces (11913) only a brief outline is given here,

and g ovancd, purticularly, on Ref. 11,

"o elhod consists of exanining ths frame to see tha
dileren’ vays In whilich mechanisms cern formu by  ‘the development
of plastic hinger. o ezch possible mezhanizm there corresponds

a full otustlic load, and this may quickl; £s determined by use

of the principie of Virtwel Displacements. Tu has been shown<lh)

that tnz eotial or correct mechanism for Lhe ~aiven frame is the

on? that glves the smailest value of the fuli lcade

¥
p s o
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Thus, the problem is
mechanisms and select the one

Value .

Fig, 26will serve as

Al-5
to find all the possible
that gives the lowest full load

an example, although it is re-

cognized that the selection of span~height ratio, the fixing of

“ne bases and the ratio of
wvertical to side load makesthe
sroblem somewhat unrealistic,

T™e section is assumed constan

"nroughout and the prablem is to

?ind the correct value for the

full load P.

The possible mechani

virtizs dilsplacement principle

2 aa dnternal work done at h

l‘f‘ Lo
P zZ ?
L
h-— Z
t A
L
SR, /O S——
Fig, 2
sms are shown in Fig, 27, The

(external work done by loads

inges during a small displacement),

way pe used Lo find the full load for each mechanism, These
() (v) (e)
AR - S | RO - N Y 2 . S
e B T
! i 1 '/
VECHATISMG =~ HANGA DTAGHANS|
,,.)A,Q s 4_'\/,)|9\ TQ T"@ L
Pogen 2 1y 49 = 5 ML (9+010+0) C o+ 8 m M (84064201 9)
2 2 7 Y
38 3M £M,.
P::;i P 2wk p:zwi
T L L
\WVIRTUAL DISPIACEMENT BOUATIONS .

\Fig, 27 |
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squations are shown in Fig 27 beneath each mechanisme The

v

smallest load corresponds to the mechanism of Fig 27-c.

It 1s desirable to make a static check by drawing the
moment diagram, This is done in Fig, 28 and is accomplished by

laying off the Moments at 1, 3,

'ty and 5 equal to M, The 39 o
p & o 71

b nﬁ @ S

'__\V

aoment at 2 is determined by )

aquilibrium, ' § “}_ Q@ ‘J (3) Q““VLV

Since the moment is

aowhere greater than M the | [Fig, 28|
solution is correct., The three general conditions (mechanism,

equilibrium, and M ==Mb) have been satisfied.

In solving problems for more complex frames it is
nenadeary to follow a systematic procedure since the. different
mschenisws will not be obvious. There are four steps that

aust be folluweds
Lo DNetermine the various possibic elementary mechanivims,

2 Johe such combinations of anuncnacery mochanisms as

Wil reduce the full load, ...

CConpuce the TU1L wlestic load fop eavnir case,

o

Mo Seleating the lowest value of *tha Joad (or maximum
Mo value) ohcek the "plastlcily? euadition by

evailibrium, coastructirg the moment dlagran,

Yook of these steps wlll now be discussed imcre fully and general

rulaeg %Xl Lo ohlined,
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(3a) Flementary Mechanisms

T Y B S L S T e e S

There are three types of elementary mechanisms,

(1) Beam Mechanisms
(2) Panel Mechanisms

(3) Joint Mechanisms
Types (1) and (2) are 111ustrated in Flgs 2na andnvb, respectively,
Tyvpe (3) is encountered whenever three or more members join at a

ronnection,

‘These elémentary mechanisms dorrespond to équations of
equilibrium, In a complicated structure it is péssible to de-
telimine, in advance, the number of independent elementary

weehanisns by the following simple rule:

X = Number of possible plastic hinges

<t
N

: Number of redundants

Z i Number of elementary mechunisms

m X =Y

NI

rope dn the ezmample,

Vwnber of possible plastic hingesz

(a7 conn~ctiors and under lopus) o2 5

Namber ol radundants = 3

i
]

Number of independent mechanicms

and ithoec wre ths Twoe mechanisms of Pig.c7a and 27,
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In the case of distributed loads, as a first
approximation (good within about 53), the hinge location can be

assumed at the center of the Span on. whlch the dlstributed load

acts, . s ‘ , - : N

(3h) Combinéfions of Mechanisms

The general rule is to make such combinations that
one or more,plastic}hinges preéent in the two elementary
m;chanisms disappeara.»TThué‘in the example; if Mechanism:(a) is

onhvned with Mechanlsm (b), a new one is obtained (c) in which

CneTs 1s ‘no hlnge af Jojnt 2

By skétchiﬁg the*fréme.in the deformed condition, one
wey dotermive the relative rotatilons at each joint and write

dewis whe yirtual displacement equations directly,

LTl u~n~;u""1an of 1 Full Load_and Check of Plastic Moment

L. .
. Add v

Woet, 14 .1s believed that tno \jrmect answer for tie

o

ST Tes e baa L‘oo+a1ned (1owest valte of the full plastic
L0 e L t;ndiag‘mnment diagram may hae cragn énd the moment

R RV S A T *oﬁnk*é( Ly the equations o o husie egbilibriuvn,
TEothe moment Al syﬁgy‘sauﬁmvn is novnere grzeter thamn the

Mb"valﬂa ar- by e garhar . fhen the answri s w13 aorrert one.

?

LLis oplon cec atnt should serve e deruribe the method
frobolin deteils simplifying the caleulations for gabled roof frames
are cunt.ned iu a more ‘detailed description «f glastic analysic

aethods now in preparation(15)
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2., DEFLECTIOF OF A FRAME AT FULL PLASTIC LOAD

Examples: Frame of iy 31 ( same
T as Appendixul) P

«;;

S —

liechanlsm and Full Plastic Load - P o S
(i"ig 3l+=h)

Tprom Appendix 1,

, . b M
Fo = _13 . ¢

Tree~Body Dlagrams: F'i.g; 3l =-c

Compubation of Vertical Defle o/ T N
, | i
ITEO 06 5, 4D, Contimitty /
e e SRSESEE S 0k Section 1] 15
{ 2, (853=601)
a

@A T Opt ;; Yiis (M - ‘%1’3)
O =04 byz e hp [ I T
©,, 04 duz Ui (04t ) / Xy “ip /

{2 3iT

G, devz g Mpl / -
2 L FAS . ‘
¢ l !{;} Hlp 5\.‘4}\

+
2! S by 3T ' ()
- I o
ST ‘ZIL‘JLZ 3 M
L P e e
‘ A‘LEI{ ‘;Flg.»?)l,
fave o, Mplio o eeMl o Mol
. FAT L W ET

B
£y Bl
| 1270aT. AW SECTION 1|:(ilember 1-8; & =~ {)

() ﬂ b ...._‘., vy .l.::_ ,(- F«/\P + O)
. ST 3

M, -2 ~2hyg oy ok
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Guroont Answer = MELz

SO N”“U)

BEA T

" SEGTION 5| s

Sivillar vrocedurs using

Similar -

g

rocedure vsing

(Last hinges al Sechion 1)

?EZECTIKWL&T WORKT NG LOAD (Fig B0=a)

OR DIXED -RNDED BEAM (Fig

3

{Mote Py o=

32)

b e T . AV s B R WL el o
I}
e ',"c, . o A ili (
A T P S
¢ )14 Mo
L.
: Pl
BB kT
Lo
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B2 et - ke
‘ [N
\/‘j R
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i BeaThs WU,

R
‘I
i
i
e
1
i .
: B
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(Note cohcek with exemple
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