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An alternate. approach tnay give an answer that will be

suffioient for many cases. Since the loss of stability is

aggravated by plastic action, additional lateral support might

be provided in a girder at those points at which plastic hinges

~:q 8xpected, the elastic lateral suppor~ rules being used

.~ 13A\:hert=t f" It j.s planned to conduct some experiments on this

:t dtould be kept in mind that these bracing r8~

r\'l~'·, ~;"'~(l''''';'\': ~fi··~~ ;'" ."I,~ r" '~'''A(~ l"j""ry only to assure i-'1at t"'lle maximum peak'"3.' (, ,)... t. ....,.l:. ~" •. , If. • ...', ".. ..... ."" \.j J \...f \. a. ..'J. "I

Actuall"'v tl1.e forces to ma1n~:t~' ,:. "
~

t/~lt7 .([<~ull1)tlr ~~~1. lrie stre.ight position are n:::~~:;.",:,~i..ble until ~X

:-;'l~ hi"u"'0L have formed(2fl,34).
_ .,__, __ -.,""....._.~. ."'.,'~ .... _---........-.__.. • k&

r- .I-· -_ - --*"~ - ---..,., -----~ -..,..,..- -. ,~ .. '..-- _- ~- "" _~ ..-........ -----~_ .. +-_ _ """';_.110"", .r;-·~r ~' & _. -....,.. ' l _.....-I ~ .'""", ~.~... , ~~ _,jo, ~ 'P'W'lI t ~ ~_

! RULE OF PRACTICE (Tentative)j ..........................~........~--~

iSufflcient latnral support shall be provid~d in
iorder that lateral buc1-cling will be prevented.
,The cross-sectional area of bracing members
l(normal component) shall be no less than 4% of I
ithe area of the member being braced and shall be I
las short as practicable in length. Points, of lat- 1

eral support in connections shall be at the points 1
of expected hinge loca"tion and both inner and outer!
flanges of the member shall be braced. (Specific I
Ispacing of lateral support to beams and girders is i
Inot yet specified. Support at the hinge locations II

,plus those required elastically should be
!sufficient). !l _~.~~ ~- _,__ _..~ _.. ",_, -.'. __~~ .. _ _~~ _ _,.., .._ -~ _~_ ---_..., _- .-.,... .._-..__· _ _ ..-..~~ _w~ ...;,

FURTHER RESl~ARCI1 is requi,red, to cover,

(a) a check of It%..area rule .

(b) examination o'f practical means of designing

lateral support members.

(0) study of spacing of lateral support members in

girders and in columns.



The reoonnnendations oontained in this report s're

applicable to continuous structures .such as industrial frames,

tier buildings, and similar nilitary structures. 'bonsideration

\)f trusses has been excluded.
..

t

n... ch of the problems or factors that could be 11l1t:1.cd.

~·la·Garl. 11,p ':~l) the present time ha-s been described., the status of

!:i("1·i.',J;J_.c1n hAf be"en given, and elo "Rule of P,ractice" has been

~·1.1f~GtJf tent' ()nlJ" abou·t half of the rules are ton·tative or

yf~O{iUE':L' (,IJri.!:>:tderation", and in In.€lny of these, cc)rlservat'1ve pro-

J:~ ~ ';hough the fol].owing :Listing is not a revie,,, of' alJ.

",;~l~ [~:t"L~~~~~J..es, a 5canniJ:lg of tl'le report :lndicates -chat the tlRul€~"

~f :J.~rflit s ignificant applj.. ca~t:to11 of pl.astic analysis :tn strllctura':

~as1gn. In other words, the provisions of the rules do not

constitute undue limitations.

1. lvP~p~~f_~~n~~~~~~ncover a range that is sUfficient

to assure extensive application. This is particularly

·true in ·t11e· case of j.l1dtlstrial frarnas and continuot1.s

beams.

2 • M§~119~-.-Qf-..~.nA.:ur13_:iJ!. .and IL~.§..:igD~~A1¥:~.. offer distinct

advantages over conventional methods.

3. 1.Q.a.Q,ing may be considered as propor't1onal (O~ "static")
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4. The t?ntative 1Q~fl~=E?:.r.qj:;l>,r.~-<9L...e!l_f-~ represents a

value that allo"VTs the realj.zation of the economy

being sought.

5. The provisions concerning ~fl~~1Qn~ present no more

of a restriction to, pl~stic design than they do to

conventional procedures.

6. Q2Dn~~~jops are suitable for a large range of shapes,

and numerous economic types meet the requirements.

7• Although the formula for centrally..J.oaded .Q2.!umns

offers but modest economy, the fact that axial load

'1nct,Y be entirely neglected for a considerable number

of ~1L~~Ql~mn~ is of real advantage. Specific re

commendations for beam~colunms supporting large axia:

loads are rlot incJ_uded, but it j.8 111<:ely tha t' any

procedure proposed will not be complex and will offer

economies over present methods.

8. The rules for the ratios of compression details to

prevent ~oc~~_~~~llp& allow the use of most of the

available WF shapes without extra stiffening.

9. Rolled WF and I-shapes develop suitable hinge moments,

and modification due to the presence of §~~ would

only be required in unusual cases.

10. The provisions for ~~ral ~r?ci~ present no serious

d~fficulty insofar as size of nlember is concerned.

There is a real problem in specifying the spacing of la-~

teral supports to beams. Tentative solutions are now

beine: studied.
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Except for -the tlD.certa.inty of bre.cing provisions, none

of the rules prevent direct application of plastic design to

structural problems. Some of tile addit~onal research is desir

able to broaden, eve11 ftlrther, tl1e applicabilj.tj7 of the plB.stic

methods, and some woul~ b~ just as useful to conventional as to

~)last1c design. 'It :i.s considered that immediate application to

·the design of certain rigid s'cructures such as continuous bean1s

and industrial frames is appropriate. Indeed, it i~ already

under \~ay.

14.

This report has been. prepared as a result of research

b~:~~tJg carried out at IJe11igh Un.iversity in the Fritz Engineering

Laboratory. Prot. Wm. J. Eney is Director of the Laboratory

and Ifead of the Department of CiviJ.. Engirleering al1d ~1ech~ln.i-cs.

The project is being supervised-by the Lehigh Project Subcon~itte0

of the Structural Steel Committee, Welding Research Council •
.'

The \V"riters ",ish to eXJJress t11eir sincere appreciation

to T.R. Higgins, Jonathan Jones, Bruno Thtlrlimann, and Robert

L. Ketter for valuable suggestions ·conc~rning the report. The

ass1st~nce furnished by members of the Fritz Laboratory staff

in the preparation of this Dlanuscript is gratefully acknowledged~
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16.

A

b

d

E

F

f

G

I

Area of cross~section

l!'lange width

Depth of section

Youngts modulu~ of elasticity

Strain-hardening modulus

T8.ngent-moclulus

Load factor of safety
1'1 ZShape factor:: _n ~ _
1\1y S

rJod111us of elasticity j..n shee.r

Moment of inertia

I\1.. Effective (lJin-end) :lengt11 of colurnn. K ~ Euler lengtrl factor

L SPEt11 length. Ac~tUf3.1 colunm leng'tih.

IYl

1'11)

}.\/
lpC

Full plastic moment

Plastic htnge f!lOment lTIodified to include the effect of
axial. cOlnpress:l.on

~~IorJ1erlt at v,:rlj~cl1 yield point is 1 €',9.0hed, in. flexure

IvIol1l8Xlt at 'tT11ic11 in1'tial otrr6r fi.i:re yield occurs '~lhel1~ ax~tC11

thr~&t i3 present

P Cc~contra~ed load

p Distl~i.buted load. per urJ~Lc o:C J_erlBi;h

Pcr Useful column load. A lond used as t.he Hmaximum column lo~d"

Pf Full load (working load x load factor 8f safety)

Pp Full plastic 108.d on a structure computed by s j.mple
plastj.c tlleory

P CI' .'.. b·1·· (11 ,... k d fl) 1 dsuva :L J.Z~ng Slia e ~ o'~.n oa

Py Axial load corresponding to yield stress level «(fyA)



R Rotation C9.1:1a c:1. t 3r

r Radius of gJTatiorl

S Section !noclulus

t Flal1ge t11::tckl'leSS
., ... Shear force\.'

!ft vJeb 'chickrless

Z P1B.stic 1l1odlllus

(~ DefJ.8c'cion

(~', Strain

fst Strain at strain~hardening

Q Mea~ured angle change; rotation

-79

J../
J

(J

\' Iield stress leval
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AP:PE:f\TDIX 1

PUST Ie A~TALYS IS-,
--~---""-"""-'-~----------

The fixed~ended uniformly~loaded be~~ of Figure 20
~ ..l -

\iill be us ad to illustrate how pleastltc hinges allow a struc'~
7 ~ I :,'

~-' pL·:.~ p
" -. I :..-

~ll'r---' "", .,. "'."'-(r .-- ...>c~. ~ 'rr""~"'''''''l'''---ii'i-r~':r-'''''-''i'1~ ·r.... "..., " '. -It
*1==·~=~:=1.:~·_~\~1;::=:_I.-.::~~:~L~:,:~='~\::', W
1.~ B C

'i~··-·~-···""·~· ., - ... t ......~...--_._-..._, ........ ~. "':">-j

fF1g', 20--;__ 1

r'.

:~.b rI~~~:'~ 8.nd the end moment
,?4

mO"t?18!1. t

i~' .pf~ ,...,.,...
."c.

This is indicated in the

ture to deform unde~ load

beyond tIle elastic limit,

permit a redistribu"tion of

~noment and, t11ereby, an in.....

cre~se in load capacity.

"j!!1(,11 yielciing first commenoes.

By an elastic analysis,

the 'deflection curve of

F~..g1\~:~. ~~L and the' moment diagram

OJ~ '~~·':Lg·J.re 22 COll1d be determined

Sifl..ee the moment a'C

tllj.S 1JO 1.1"1 t~ v'lf1en -tIle beenl is do

f armed \Ai j, t:J. IJ.10re loa<l", Tl1.e

plastic l~:inge is a.escritJt"?d

c.~agra.1naticaJ.ly by the curve

of Figure' ill in which moment,

IvI

r'" ,. '-' "i-:- _ _,".. ,--_ -_.., " ,I
I "8, ·l-~ ~~..SL. --_... .D I

Al·,···,· ..
/ '.. ~~.ji~)'I U

/
II_,.......... .._, __"., _.~~ ".~ '" -----,-. '.- ¥ .._~.. ', - ,---.-..---.•• ,

Curvature dJ
I
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M is plotted against I the

curvature,~. (Although the

actual 11....~ Cll1;Ve is s imila.r to

OACD, the flexur~l rolaly~is is

simplified by considering it

~o be OBD--and the resulting

.-:rror is slnall). Thus, if

Fig.24(a) is used to represent

the M~~ action at Points A and

C of the beam, while Fig.24(b)

(a)

Al-2

(e)

is usecJ~ for Point B, the l!.~~2Ii]
corresponding moments for Phase 1 are shown at M=Mp and M=t ~,

respectively.

,As load increases, the beam now beha,res as if it ",rare,

s· :tn!lJ.1..y·...8uppo~ted, except tha t the end moment remains constant at

0~) ~rhe center of the beam still has available moment capacit;y,p
and thus an intermediate Phase might be as shown by "2 n • As

S]:1o\l~n in F':l.g .25, the deflection incI'eases at som.e'A1haot faster

ra\O~~~ ('t:J.E) ur~"\:8tt, in fact, is the na1f..9 \.iH that of a simply..

s ;1.;>1 tt:rt~ar1. 't\f~"_·tJu of lengoth I,,).

J.~'u ., Phase 3 the beam ~Til,l l~.a\l7; rea~~11~d. its maximum

loan, s~.n~e ~thc momcllt capa~ioty at tria ·;)A&flJ C@llt~J." is exhausted

(Fig 0 22, 8i.;b) t6 Defj..nioce n lr.inlcs tl wi,ll l'l:t\r'J 1',-;:CI:1ed at the ends

(Fig. 21") .j'Tl\3 ·~o rotatioll at constant n:orr'.&.r:t. ?eyo11d this,
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The increase of load between initial yield and the

maximum plastic strength (full load) is represented by the shaded

portion of Fig. 22. The yield load is given by

The full load is given by the moment diagram of Fig. 22at full

i)lastic load as,

P~L =2 \

l:'or ~ = 1.1~t, then the ratio between the full load and the
My

yield load is

Pf . 2M_ 4 4___ = --p = x 1. 1 = 1., 52
Py 372 My '3

Th~~ 1s, the ratio of the load capacity of the beam to the load

at :~.fl.i'!~ia~ y1eJ.d is about 50%.

Twv methods of plastic analysis will now be describe~v

!j~lh2~e are three conditioi1~ t11tli", rt1us1~ be sat1sfi~o, i.:i.l

2 ~ A :n18chanisln rrTIst be formect i~} ·~ll(. r~3nse that a

30 ~t ~o point m~y the moment te gre~tGr than the

plastic moman:;:;} Mp •
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For a relatively simple structure like that sho~m in Fig. 20,

the correct solution may be arrived at very qUickly. To form a

mecllan1sm there Inust, be tl1ree plastic hinges and these must be

at the "maximum" points A, B, and C. Their value is M. To be
p

. • pL2in equ11ibr1um -a-- =2 Mp ' and the mex~mum load has been

~f~rcermined.

The method, in general, consists of oonstructing the

moment diagram disregarding the redundants, followed by the

construction of redund~nt moment diagrams in such a ~ay as to

~llow hinges to form. In more involved structures it is

~:J.ecess·ary to guess, where these hinges will be located and to

make several trials'. Since' th.e method has been described com

pletely in Ref. 8, and since numerous examples have been given

t;hel~1:~ ~ ftl-rtJ1er discussion h.ere is unnecessary.

Sine ~ the me,thod has been conlpletel.y described in

nume:::'0US l'ef8l":mces (11,13) only a brief' .:>utline 15 given IH:'1"e,

a fu.1J. :J:lb,8t~i~ ],oad, alld trlis may qUicl{J.. ~·· 'C::1 ,',~~e·termined by use

of the p:~:tr:.;J.tpJ.e of Vir t,).<:.1. ;)isplace}1\eD.4~~ '. Ii., 21as been shown(14)
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Thus, the problem is to find. alJ. the possible

mechanisms and s~lect the one that gives the lowest full load

vallIe.

I
77'lT

-'.~i1rOt1ghotlt and the pr''Jble~n is to

~tind the correct value for the

Fig. ~~will serve as an example, although it is re~

cognized that the selection of span-height ratio, the fixing of

~he bases and the ratio of

groblem somewhat unrealistic.

The section is assumed constant

79rtical to side load makes the

j~ull lOfld P.

~he possible mechanisms are _sho~m in Fig. 27. The

'Tj.:r-t·'~~).~J (~lsplacement principle (e)cternal work done by loadS

:('1'·?~.r: :1~nt;ern,al work done at hinges during a small displacemen'c) 9

HIR.~7 te 11seJ. 'Lo firlet t~he full lOfad for each mechanism. These

( e,) (c)

31\1
p ~:: L'A"'E.

'j~
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aquations are ~hDwn in Fig 27 beneath eaoh meohaniam.

Al-6
The

smallest loa.'d cor:re~ponds to the mechanism of Fig 2:7-0.

I't is desira,ble ·to ma!{6 a sta."tic c11eck by drawing the

moment diagram. This is done in Fig • 28 and is accomplished by

laying off the Moments at 1, 3,

II-, and '5 equal to Mp • The

~Doment a t 2 is determined by

'.1quilibrium.

Since the moment is

:"J.owhere greater than ~ the Wi~ !.~sl

solution is correct. The three general conditions (mechanism,

equilibrium, ~nd M =-MP) have been satisfied.

In solving problems for more complex frames it is

n.,~~(~~:.~3e8.r~T to follow a systematic procedure since the. different

~:1c.;(1'.U~.J:l:i.8rjlS w~..ll not be obvious. There are four steps that

"f'V~J 1 1?8chlCe the £l1.J.1 load, '?:~~,.

• 1
'.," ~
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There are three types of elementary mechanisms,

(1) Beam Mechanisms

(2) Pane~ Mechanisms

(3) Joint; Mechanisms

Types (1 ~ and (2) are il-lustrated in Figs. 27a and'27b t respectiyely"

Type (3) is encountered whenever three or more members join at a

connection.

These e16m~ntary.mechanisms dortespond to ~quatiorts br
equilibrium~ ]n' a complicated strUcture it is possible to de

tetmine, in advance, the number of independent elementary

!l1i?d:artJ.8L'IS by tihe fbl1o",j.n~ si.mple ruie i

-", .
I, , l.

x = Number of possible plastic hinges

y to, Number of redunclants

Z t..- l\;umbe'r of elementary m.e chun.isms
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N~unlber of~ inc~ependent mechanisms
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In the case of distr·ibtlted loacls, as a first

approximation (good vTithin about 5%), the hing.e 'location can be

assumed at the center o~ the ~pan on whicp the distributed load

acts G

..
(3b) QQmb};n2-t1s:Ll1~.~,~£h~§J!1§.

The general rule 1~ to make such combinations that

one or more.plastic bipges pre$ent in th~ two elementary

~~'j('llanistT1s disap,pear-;... · : Thus in the, example, :1f ~1eohanism' (a) is
,

'":0tl1,Jh1ed. '"Tith ~Iecha~isni: (b) ,. a ne"i one ia obtained (c) ,in which
. "

:.;i,-er~ :i..~ no hinge at Joint 2 •.
~ 11 ~.~

By s~~:,tching the ..··~re:.me .'in the deformed conclition, one

'we..)1' ~l('·tbl'rr.iJ ..::.:e t,he rela~·tive rotations at each joint and wri te

\l( 'NJ.~ .,~;;: ,C1 'v'i:-:,t,ual displacement eq~u8~tions directly.

believed that ·t·.n(~ ('~J:r:-:'8ct answer for i~!~A

~' ;&!

:',':,'.j~~ -;~ '~':~("'~~~_j :,J.P::'· ·C·~)r:~Tj,;·:'~ ()b+;a,ined (lowes·c 'f!(~,:: '~~~8 (J.f i:·~18 full plas·~~.c

,',
~I ~

. .
* ,. ~~

,~",·,::,.:~-t,D.~ n a.a~.;~j 'l,.d sj_:llj~1:f..f·,7·.J ;'}g the calc~la:tiQl~lS !'()l~ ~I..~ 'bled roof fr;'ll~lE~~·;

£.re OJ.r.t~,~I~~j.'~~::I(:l iil a 1110::-8 <det;ailed des'cript'ion !:!' fl~l.g.. st,ic analysi~~

iuethods now in prepars.t Lm (15)
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E:;can11Jle.: Frame of 1-"16 31 (salne
-~--~ as Appendix 1)

J?rOln lippendix 1"

tOMF'p "-L.:j~

(a)

I:f~_~.2-:lioE.¥.. R~:.agI'anlSrt: Fig 31-0
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